Abstract: This paper assesses the applicability of bearing capacity theory for evaluating the forces generated on wheels operating on clay under steady rolling conditions. Considering recent advances in bearing capacity theory, namely with respect to the interaction diagrams developed for general loading, a theoretical model for computing the horizontal force or torque from fundamental input parameters such as the vertical force (weight), wheel diameter, and undrained shear strength of the soil is presented. The predictions are compared with existing analytical solutions and data from laboratory testing, and reasonable agreement is demonstrated. The foremost conclusion is that bearing capacity theory can be used to obtain reasonable predictions of wheel forces analytically under any operating condition (driven, braked, or towed), provided the contact length and so-called contact angle, which defines the position of the contact interface, can be estimated. Aside from providing a rigorous and highly convenient framework for evaluating wheel forces under arbitrary loading, the analysis enables a natural physical interpretation of the mobility problem.
Introduction
Determining the forces on wheeled vehicles operating on soft terrain is a longstanding problem in off-road vehicle mobility for which empirical methods have historically prevailed over theoretical approaches. The most prevalent models rest on concepts attributed to Bekker (1956 Bekker ( , 1960 Bekker ( , 1969 , who proposed that the basic parameters governing the response of terrain-vehicle systems can be assessed through specific tests using a set of devices known collectively as a bevameter. A large number of studies have refined and extended Bekker's semi-empirical models, many of which are summarised in the more recent works by Osetinsky and Shmulevich (2004) , Shibly et al. (2005) , Ding et al. (2014) , and Gallina et al. (2016) . Another large subset of empirical approaches is based on correlating vehicle performance directly to soil strength and deformability indices obtained from cone penetration tests (e.g., Freitag, 1965; Priddy, 1999; Maclaurin, 2007; Mason et al., 2016 ). Rigorous models capable of relating wheel forces to fundamental soil mechanical properties are comparatively scarce but nevertheless can be found in the literature. These include the analytical and semi-analytical solutions proposed by Marshall (1968) , Dagan and Tulin (1969) , Collins (1972 Collins ( , 1978 , Karafiath and Nowatzki (1978) , Petryk (1983) , Tordesillas and Shi (2000) , and Hambleton and Drescher (2009a) , as well as the numerical models developed using either finite element or discrete element methods by Yong et al. (1978) , Liu and Wong (1996) , Fervers (2004) , Chiroux et al. (2005) , Shoop et al. (2006a,b) , Asaf et al. (2006) , Hambleton and Drescher (2009a,b) , Modenese (2013) , Johnson et al. (2015) , Xiao and Zhang (2016) , Ozaki and Kondo (2016) , and Nishiyama et al. (2016) among others. Alternative mathematical models, developed ad hoc from theoretical considerations or experimental evidence (e.g., Higa et al., 2015) or based on simplifying physical assumptions (e.g., Gray et al. 2016) , can also be found in the literature.
With a view towards developing a rigorous and generalizable theory for predicting the forces for wheels operating on soft soils, this paper explores the postulate that the resultant forces acting on the soil-wheel interface can be assessed using bearing capacity theory for shallow foundations subjected to general planar loads, and that the wheel forces can in turn be evaluated through the applicable yield envelope. As will be demonstrated, this assumption leads to a theoretical formulation that can be easily implemented and involves only fundamental physical quantities. Moreover, the proposed model readily predicts the relationship between forces for any operating condition (driven, braked, or towed), without the need to consider the various cases separately. For simplicity, attention is restricted to quasistatic two-dimensional (plane strain) soil-wheel interaction and either rigid wheels or flexible wheels of a suitable nominal radius (cf. Fujimoto, 1977; Hambleton and Drescher, 2008) . Focus is on soils exhibiting undrained behavior, such as saturated clay, whose strength can be characterised simply by the undrained shear strength su. Rough contact conditions are assumed, such that the shear stresses τ acting over the contact interface are limited by the undrained shear strength (|τ | ≤ su). Figure 1 depicts the basic proposition of this paper, which is that the forces acting at the axis of a rolling wheel (Fig. 1a) can be assessed by considering an equivalent set of forces acting over the soil-wheel contact interface (Fig. 1b) , which is deemed analogous to a shallow foundation subjected to general planar loads. The analogous shallow foundation has the same width as the soil-wheel contact interface, denoted by h, and its inclination is determined by the so-called contact angle ξ subtending the line bisecting the soil-wheel contact interface (see Fig.   1 ). The width and radius of the wheel, or nominal radius in the case of a flexible wheel, are denoted by b and r, respectively. The vertical force, horizontal force, and torque acting at the axis of the wheel are denoted by W, F, and Q, respectively, and they are considered positive when acting as shown in Fig. 1a . The normal force, tangential force, and moment acting over the analogous shallow foundation, positive in the sense shown in Fig. 1b , are denoted by V, H, and M, respectively.
Proposed theoretical model

Foundation analogy
The vast majority of mobility problems are concerned with the scenario in which relatively large, permanent deformations are induced in the soil, and thus the viability of the vehicle to operate comes into question. For this reason, it is reasonable, if not essential, to assume that contact forces V, H, and M combine in a way that they cause yielding in the soil, i.e., that the bearing capacity of the soil is reached. The combination of V, H, and M required to cause yielding is defined by the so-called yield envelope or VHM diagram.
Yield envelopes for shallow foundations
Evaluating the load combinations required to induce yielding has been the subject of various studies focused on the bearing capacity of shallow foundations, many of which are summarised in the works of Gottardi and Butterfield (1993) , Taiebat and Carter (2000) , and Shen et al. (2016) . For undrained conditions and the case of a horizontal surface foundation resting on horizontal stratum of soil, Gourvenec (2007) proposed the following convenient expression for the yield envelope: 
In Eqs. (1)- (3), the variables Vmax, Hmax, and Mmax are the so-called ultimate loads corresponding to single-component loading (e.g., V = Vmax for H = M = 0). In this paper, the differences in capacity arising due to the inclination of the analogous foundation and the inclination of the soil surface relative to the analogous foundation (see Fig. 1 ) are neglected, and the ultimate loads are calculated as Vmax = (2+π)subh, Hmax = subh, and Mmax = 0.7subh 2 (Gourvenec, 2007) . Based on the findings of Hambleton and Drescher (2012) , who considered a similar foundation analogy for indentation, the effects of inclination are expected to be small.
The yield envelope defined by Eqs. (1)- (3) is plotted in Fig. 2 . In the absence of a moment, the magnitude of the tangential force required to yield the soil remains constant over some range of the normal force and decreases as sharply as the normal force increases, eventually reaching H = 0 as the bearing capacity under purely normal loading, V = Vmax = (2+π)subh, is reached. For this special case, M = 0, the yield envelope is expressed simply as
Equilibrium and closure conditions
Three additional equations relating the contact forces V, H, and M to the wheel forces W, F, and Q are obtained considering static equilibrium:
where l is the altitude given by
In total, the yield envelope of Eq. (1) combined with the equations of equilibrium, Eqs. (5)- (7) represent four equations that relate eight variables: the three wheel forces W, F, and Q; the contact forces V, H, and M; the contact length h; and the contact angle ξ. Of the wheel forces, two out of three must be specified in order to prescribe a well-posed problem. For example, one may specify suitably normalised values for the vertical force and torque, W/subr and Q/subr 2 respectively, and then assess the corresponding horizontal force, H/subr, that develops.
A second case of practical interest would be to assess the torque required to achieve a particular horizontal force given a value for the vertical force. Hence, the problem involves a total of six unknowns, and one requires two additional equations or assumptions to arrive at a solution.
These additional requirements, or closure conditions, are discussed further in Section 5, after considering existing analytical solutions (Section 3) and experimental data (Section 4).
Analysis of steady rolling by Collins (1972)
In this section, the notion of regarding soil-wheel interaction as an equivalent foundation problem involving general loading is assessed with respect to the analysis of a rolling rigid cylinder completed by Collins (1972) . His investigation rested on the assumption of steady motion and the construction on deformation mechanisms that approximate the arc of contact as a straight line, much like the foundation analogy depicted in Fig. 1 . Base on the method of characteristics (slip lines), the mechanisms proposed by Collins (1972) , reproduced for reference in Fig. 3 , furnish approximate formulae relating the wheel forces W, F, and Q in parametric form. These formulae vary in complexity, in some cases requiring a numerical solution, and they are parameterised in terms of the angles α, β, and ε shown in Fig. 3 , where generally 2(α+ε) is the central angle defining the length of contact (ε = 0 in the mechanism of Fig. 3a) .
Predicted wheel forces
The relationship between the wheel forces predicted by Collins' solutions is shown in Fig. 4 .
Clearly, the curves take rather peculiar forms that vary distinctly as the torque ranges from Q < 0 (braked wheel) to Q > 0 (driven wheel). For Q < 0 (braked wheel) and Q = 0 (towed wheel), Solution I is the only applicable solution. are predicted. This curious behaviour can be attributed to the approximation of the arc of contact as a straight line, which in turn imposes specific constraints on the mechanisms used to deduce the forces. Indeed, Collins (1972) asserted that these solutions are applicable only to small contact angles, and for this reason he never plotted the solutions as shown in Fig. 4 but rather explored various linearised forms of the resulting equations.
Contact forces, contact length, and contact angle
For the present study, the value of Collins' solutions lies in the fact that the wheel forces, contact length h = 2rsin(α+ε), and contact angle ξ = α are uniquely determined in each solution, and therefore the relationships between the equivalent contact forces V, H, and M can be determined directly from the equations of equilibrium, Eqs. (5)- (7). The contact moment M is always zero in all cases by construction, a fact that is readily verified by computing M for each combination of wheel forces. It therefore suffices to plot the tangential contact force H against the normal contact force V, as shown in Fig. 5 , which also plots the yield envelope given by Eq. (4). Plotted in this way, the curves corresponding to Collins' solutions take a form that is perhaps even more peculiar than that seen in Fig. 4 . For example, in the case of the driven wheel (Q > 0), Solution III yields values that are identical to those obtained from Solution II.
Overall, the solutions often fall well within the yield envelope from bearing capacity theory, or well outside of it.
In view of the curious nature of the curves shown in 
Implications
Based on the results shown in Figs. 5-7, one can conclude that Collins' solutions definitively support the analogy between rolling wheel and a shallow foundation subjected to general loading when the contact length is small compared to the radius. When the contact length is large, the analysis is inconclusive, as it is clear that the various mechanisms do not give reasonable solutions. In all cases, the contact moment is zero, an assumption that will prove useful in subsequent sections.
Laboratory tests by Freitag (1965)
The focus of this section is on the interpretation of the experimental data reported by Freitag (1965) , who measured the forces on pneumatic tyres operating on clay and sand under various conditions. Freitag's comprehensive report tabulates the wheel forces W, F, and Q measured under steady rolling conditions for both a towed wheel (Q = 0) and a driven wheel, typically with a controlled slip of s = 20% for clay. In Freitag's study, the slip s is defined as s = 1 -v/ωrr, where v is the linear wheel velocity, ω is the angular velocity, and rr is the so-called rolling radius defined as the "forward advance per revolution of the loaded tire when towed on a plane, level, unyielding surface, divided by 2π" (rr = r for a rigid wheel). A distinct feature of the study is that the undrained shear strength of the clay su was determined through triaxial testing. The measured strength, which ranged from su = 11 kPa to 36 kPa, correlated very well to the values of cone index in the instances where both sets of measurements were taken, and the latter were reported for each test.
Measured wheel forces
Figures 8 and 9 plot the wheel forces measured by Freitag (1965) using the dimensionless variables from the previous figures. Upon comparison of Figs. 8 and Fig. 4 , one observes that the trends between the horizontal and vertical wheel forces are qualitatively similar to those predicted by Collins (1972) for the towed (Q = 0) and driven (Q > 0) conditions. Quantitatively, the experimental results differ significantly from the theoretical solutions. In particular, the maximum values of normalised vertical force W/subr fall well outside the admissible range of the theoretical solutions. Such a discrepancy is not surprising considering that wheel flexibility and three-dimensional effects, both of which tend to increase the magnitude of the forces involved, are not considered in Collins' solutions. There are also likely to be significant viscous effects occurring in the clay on the interface in the rolling experiments due to the higher strain rates experienced in the tests compared to the triaxial tests used to characterise the undrained strength. Typically such viscous effects result in an increase in operative undrained strength of ~5-20% per logarithmic cycle of strain rate (e.g., Biscontin and Pestana, 2001) . If the operative strength in Freitag's experiments was higher than measured in the corresponding triaxial tests due to strain rate effects, the normalised quantities in Fig. 8 would decrease, causing the measurements to tend closer to Collins' solutions.
Contact forces, contact length, and contact angle
Alone, the data reported by Freitag (1965) 
The approximation indicated in Eq. (9) is introduced not only to simplify the calculations but also in recognition of the fact that, for a flexible wheel, the contact length h, nominal wheel radius r, and altitude l may not be as strongly coupled as Eq. (8) revealing fairly well-defined trends that degenerate as the penetration decreases.
Implications
While not entirely conclusive, the trends visible in Figs. 11 and 12 provide some level of validation of the theoretical framework proposed in this paper. Namely, one should expect that both the contact length and the contact angle should increase with increasing wheel penetration, and this expectation is fully met in Figs. 11 and 12 . Likewise, the diminishing strength of the correlations for small wheel penetration is unsurprising given the well-known indeterminacy of the contact length for flexible wheels operating in soft soils (cf. Fujimoto, 1977; Hambleton and Drescher, 2008) . On the other hand, while the trends are apparent, the inferred contact lengths are too large to be considered realistic. This overestimation of the contact length is consistent with the discrepancy noted in comparing the experimental data to the solutions proposed by Collins (1972) . While the influence of wheel flexibility is, to some extent, accounted for in the back-calculation of the contact length, three-dimensional effects are wholly neglected, and these effects may lead to an overestimation of the contact length through a commensurate underestimation of the forces involved. As observed earlier, the operating shear strength may also be underestimated, which would tend to result in an overestimation of the back-calculated contact lengths.
Model summary
Model implementation
The most straightforward means of implementing the proposed model is to specify the contact length h and contact angle ξ directly, and then to assess the wheel forces W, F, and Q from Eqs.
(4)- (7), recognizing that Eq. (4) implicitly utilises the assumption that the contact moment M is zero. Results from the previous section suggest that both h and ξ relate strongly to the wheel penetration (sinkage), and this is well supported by findings from previous studies. In particular, the validity of this relationship for a towed wheel was demonstrated by Hambleton and Drescher (2008 , 2009a , 2012 , who also reflected on the pathological nature of the twodimensional problem as compared to the three-dimensional problem (2009b). For steady motion of a towed, rigid wheel, the contact length is approximated as the chord length spanning the lowermost part of the wheel and the point of intersection with undisturbed soil surface, as shown in Fig. 13 (cf. Hambleton and Drescher, 2009a) :
The corresponding contact angle is given by 1 sin 2
Equation (11) is plotted together with the data of Freitag (1965) in Fig. 12 , which shows that Eq. (11) generates contact angles reasonably close to the experimental results. The apparent deviations, especially at low values of wheel penetration, are to be expected considering the flexibility of the tyre used in the tests.
Predictions of the wheel forces obtained with the proposed model, given by combining Eqs. (4)- (6) and Eqs. (8)- (11), are plotted in Fig. 14 . Overall, the curves are similar to those shown in Fig. 4 for the solutions proposed by Collins (1972) 
Physical interpretation
As depicted in Fig. 15 , the proposed model also provides a natural physical interpretation of the mobility problem. The assumption that the contact moment M is zero requires that the line of action of resultant contact force passes through the centre of the equivalent foundation, and this line of action passes either behind the centre of the wheel when braked (Fig. 14a ) or in front of the wheel's centre when driven (Fig. 14b) . For a towed wheel, the line of action passes directly through the wheel's centre. In each case, the magnitude of the contact forces is dictated directly by the yield envelope.
Conclusions
The basic proposition of this paper is that the forces developing on a rolling wheel operating on soft soil can be assessed by considering an equivalent shallow foundation subjected to general planar loading. Combined with suitable estimates for the two primary geometric variables appearing in the model, the contact length h and contact angle ξ, this analogy leads to a comprehensive yet simple theoretical framework for predicting wheel forces in any operating condition (driven, braked, and towed). Namely, Eqs. (4)- (6) and (8)- (11) A key assumption utilised repeatedly in this study, and implemented implicitly in the solutions proposed by Collins (1972) , is that the contact moment is zero. This simplifies the computations considerably, but an open question remains as to whether this assumption is correct. The proposed model can easily account for the effect of a non-zero moment, provided it can be estimated. 
